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INTRODUCTION 

220 obtain dynamic s t a b i l i t y  r e s u l t s  from b a l l i s t i c  range f l i g h t  

t e s t s ,  angular or ientat ion measurements a t  d i s c r e t e  points along t h e  

t r a j e c t o r y  a r e  used t o  evaluate parameters i n  t h e  solut ions t o  v a r i -  

ous equations of motion. A number of f a c t o r s  combine t o  degrade t h e  

derived dynamic s t a b i l i t y  resu l t .  F i r s t ,  the  apparent damping of 

t h e  motion can be s igni f icant ly  influenced by e r r o r s  t h a t  a r e  made i n  

measuring angles from photographs of t h e  model i n  f l i g h t .  And second, 

t h e  equations of motion a re  influenced by the approximations t h a t  a re  

made i n  both s e t t i n g  up t h e  equations and i n  solving them. 

This paper w i l l  cover some phases uf sack nf  these problems. We 

w i l l  f i rs t  review the  data reduction procedure presently i n  use a t  

Ames. Then the  e f f e c t  of experimental e r r o r s  on dynamic s t a b i l i t y  

r e s u l t s  w i l l  be considered, f i r s t  from a simple t h e o r e t i c a l  standpoint, 

then from a s t a t i s t i c a l  approach involving perturbations of exact 

solut ions.  

F ina l ly  we w i l l  consider two assumptions involving t h e  equations 

(1) The assumption t h a t  t h e  of motion which can give rise t o  e r rors :  

"Prepared for t h e  Second Technical Workshop on Dynamic S t a b i l i t y  Testing, 

Arnold Engineering Development Center, Apri l  20-23, 1965. 
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r e su l t an t  angle of a t t a c k  i s  the square root  of the  sum of the  squares 

of t h e  two orthogonal projected angles, and (2)  t he  assumption t h a t  a 

l i n e a r  res tor ing  moment and constant damping coe f f i c i en t  govern t h e  

model o sc i l l a t ion .  Exact t r a j e c t o r i e s  w i l l  be computed and then 

analyzed by our ex i s t ing  data  reduction procedure. Typical examples 

w i l l  be shown t o  demonstrate t h e  magnitude of e r ro r s  t h a t  can be 

expected, and ways of eliminating o r  minimizing these  e r r o r s  w i l l  be 

discussed. 

SYMBOLS 

m 

N 

reference area 

constants i n  equations (1) 

drag coef f ic ien t  

l i f t - cu rve  slope 

pitching-moment coef f ic ien t  

pitching-moment curve slope 

r a t e  of damping i n  pi tch 

reference diameter 

moment of i n e r t i a  about p i t ch  axis 

constant & + m  

constants used to define nonlinear res tor ing  moment 

curves 

model nass 

number of observation points per cycle 



n 

P 

SDa 

E 

env 

envO 

i 

RMS 

number of cycles of motion 

roll r a t e  

standard deviat ion i n  angle of a t t a c k  due t o  experi-  

mental e r ro r s  

standard deviat ion i n  I; 

distance along f l i g h t  path 

angles of a t t ack  and s i d e s l i p  

r e su l t an t  angle of a t tack  

change i n  p i t ch  amplitude due t o  damping 

dis tance between observation s t a t i o n s  

constants i n  equations (1) 

wave length of pitching o s c i l l a t i o n  

dynamic s t a b i l i t y  parameter defined i n  equation (3) 

a i r  densi ty  

radius  of gyration of model about p i t ch  axis 

angle between observation plane and plane of motion 

exact value 

envelope 

envelope at x = 0 

individual  readings 

root  mean square 
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DATA REDUCTION PROCEDURE 

The current  data  reduction procedure cons is t s  of curve- f i t t ing  

measured values of 

en ter  t h e  problem) with a so lu t ion  t o  t h e  equations of motion. 

so lu t ion  i s  the  t r i c y c l i c  so lu t ion  of Nicolaides (ref 1) , transformed 

t o  dis tance (x) r a the r  than t i m e  (t) dependence.' This so lu t ion  allows 

f o r  constant roll rate and small asymmetries. The so lu t ion  i s  

a = e'"lx(a1 s i n  w1x + a2 cos wlx) + e'"2X(a3 s i n  w,x + a4 cos w,x) 

a ,  P ,  and x ( t h i s  i s  where experimental e r r o r s  

This 

+ (a5 s i n  px + cos px) ( la )  

+ (a5 cos px - % s i n  px) (1b) 

P = e 'Qlx(al  cos w1x - a2 s i n  wlx) - e7zX(a3 cos w,x - a4 s i n  QX) 

where t h e  constants wl,w;?,vl,q2,al, . . . , a r e  determined by t h e  

curve- f i t t ing  procedure (p, the roll rate, i s  r e l a t ed  t o  

the curve f i t t i n g  i s  car r ied  out by a d i f f e r e n t i a l  correct ion procedure. 

w1 and w;?); 

The dj-namic s t a b i l i t y  parameter i s  re la ted  t o  71 and r)2 as follows: 

where 5 i s  t h e  constant-al t i tude power-off dynamic s t a b i l i t y  param- 

e t e r  r e l a t e d  t o  the aerodynamic coef f ic ien ts  by 

The s t a t i c  s t a b i l i t y  parameter Cm is  re l a t ed  t o  w 1  and w, as 

(4 )  
- -2YkJs ,  

C% - PAd 



The major assumptions employed i n  t h e  der ivat ion of equations (1) 

which give r i s e  t o  apparent errors ,  par t icu lar ly  i n  t h e  dynamic sta- 

b i l i t y  parameter, a re :  

t o  be constants o r  l i n e a r  functions of angle of attack; and (2)  t h e  

(1) the  aerodynamic coef f ic ien ts  a r e  assumed 

resu l tan t  angle of a t t a c k  CLr i s  assumed t o  be given as CL, = d m  
instead of tanm14tan2 CL + tan2 f3. The systematic e r r o r s  generated 

by these assumptions usual ly  appear as an absolute s h i f t  i n  t h e  r e s u l t s  

as contrasted t o  random er rors  a r i s ing  i n  t h e  experimental measurements 

of a, P ,  and x. These two sources of e r r o r  w i l l  be t r e a t e d  independently. 

ANALYSIS OF RANDOM EXPERIMENTAL ERRORS 

A s t a t i s t i c a l  analysis  w i l l  be presented, which cons is t s  of 

calculat ing exact t r a j e c t o r i e s ,  introducing simulated experimental 

e r r o r s  v i a  a Monte Carlo procedure,and analyzing these perturbed tra- 

j e c t o r i e s  w i t h  the  data reduction procedure j u s t  described. For 

s impl ic i ty  we w i l l  consider l i n e a r  aerodynamics and planar motion i n  

calcula.ting t h e  exact t r a j e c t o r i e s .  

a b r i e f  look a t  a simplified version of t h e  problem w i l l  he lp  i n  

in te rpre t ing  t h e  s t a t i s t i c a l  r e s u l t s  and provide some guidelines as t o  

what var iables  might be important. 

However, before proceeding f u r t h e r  

Simple Theory 

We w i l l  consider t h e  e r r o r  involved i n  determining the  dynamic 

s t a b i l i t y  parameter fromtwo data  points which represent points  on 

t h e  envelope of t h e  pitching motion ( see  sketch ( a ) ) .  

f o r  t h e  envelope of t h e  a r c  i s  given as 

The equation 
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ENVELOPE OF PITCHING MOTION 

\ / 
/ 

I 
\ I X 
\ / X I  

I 
\ 

a 

I \ I 

Sketch ( a )  

aenv - - aenvO ekEx ( 5 )  

where Qnvo  = %nv at  x = 0, and k = pA/4m. Equation ( 5 )  can be 

rewr i t ten  as 

If w e  now take two da ta  points a t  x = 0 arid x1 

equat i on  (6 ) becomes 

If t h e r e  i s  now some e r r o r  i n  determining %nv 

probable e r r o r  at  each point can be represented 

a t  each point ( t he  

as SOa),l then Aa 

i s  determined t o  within & SDa and therefore  there  w i l l  be some prob- 

ab le  e r r o r  i n  5, noted as SDE. Fromthese ideas  we can w r i t e  

equation (7) as 

1SD r e fe r s  t o  standard deviation and has i t s  usual  s t a t i s t i c a l  

I n  
I -  

J i=1 
UE i s  t h e  exact value, and n i s  t h e  number of readings. 
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If 

< 1  A a  6 SDa -+- aenvO aenvO 

we can expand t h e  logarithm, and t o  f i r s t  order we get 

We can now associate  exact and e r r o r  terms such t h a t  t h e  SDg can be 

expressed as 

If we now consider 

j ec to ry  and replace x1  by nh, where n i s  the number of cycles and 

A i s  t h e  wave length of t h e  pitching xot,ion, we get  

x1  t o  be located a t  t h e  end of t h e  observed tra- 

Equation (11) gives an indicat ion of what t o  expect from a s t a t i s t i c a l  

ana lys i s .  Note t h a t  this equation states tha t  SDE does not depend 

on E. This f a c t  w i l l  be used t o  sim-plify the analysis ;  however, it 

w i l l  a l so  be checked f o r  v a l i d i t y  by comparison w i t h  some s t a t i s t i c a l  

r e s u l t s .  

Note that  equation (11) t e l l s  nothing about t h e  e f f e c t  of t he  

number of data points  considered. 

parameters given i n  equation (u), we w i l -  1 a l s o  consider t h e  number 

of observation points  per cycle ( N )  defined as N = A/&, where Ax 

i s  t h e  dis tance between observation s t a t ions .  Note tha t  t h e  t o t a l  

number of observation s t a t ions  is  given as nN + 1. 

Therefore, i n  addi t ion t o  t h e  
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S t a t i s t i c a l  Analysis 

The procedure t h a t  w a s  followed was t o  assume an a r b i t r a r y  set 

of l i n e a r  aerodynamic coef f ic ien ts  

a t  d i s c r e t e  points  a number of planar t r a j e c t o r i e s  (we w i l l  r e f e r  t o  

these t r a j e c t o r i e s  as a group). In t h i s  group, t h e  only var ia t ion  was 

t h e  posi t ion of t h e  f i r s t  s t a t i o n  r e l a t i v e  t o  the  first maximum i n  t h e  

angle of attack; t h a t  is, t h e  phase re la t ionship  between observation 

s t a t i o n s  and t h e  motion h is tory  was varied. A Monte Carlo technique 

was then used t o  introt iwe errors i n  both the angle and dis tance 

readings, simulating experimental errors .  

e r r o r  d i s t r i b u t i o n  was used, but several  cases were invest igated 

using a normal e r r o r  d i s t r ibu t ion  as well. 

w a s  then analyzed w i t h  the  ex is t ing  data reduction procedure and the 

standard deviations i n  the  parameters of i n t e r e s t  were determined 

(e.g., S D ~  and SDA) . 
--.-. v a l y ; r L g  -73.- n m t h e  ~ z l i x s  

N (number of data points per cycle) .  

C q  + Cmk, e t c  .) and generate (c 

I n  most cases, a uniform 

This group of t r a j e c t o r i e s  

This process was repeated f o r  d i f fe ren t  groups 

nf SDCL~ ug_ns, m/pAA, 6, n (number of cycles) ,  and 

Before considering t h e  r e s u l t s ,  however, we must decide how many 

t r a j e c t o r i e s  w i l l  form a meaningful s t a t i s t i c a l  sampling. This  ques- 

t i o n  w a s  considered i n  a reverse manner as follows. It w a s  f e l t  that  

perhaps 20 independent t r a j e c t o r i e s  would be s u f f i c i e n t  t o  be statis- 

t i c a l l y  meaningful. To check t h i s ,  t h r e e  d i f fe ren t  groups of 22 runs 

each (allowing f o r  t h e  p o s s i b i l i t y  of re jec t ing  several  i l l -condi t ioned 

runs) were s t a t i s t i c a l l y  analyzed and compared, and it w a s  f e l t  if 
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each of t h e  th ree  groups showed the  same gross  r e s u l t s ,  22 runs w a s  

a b ig  enough sample. 

I n  t h i s  f igure ,  t h e  percentage of runs t h a t  r e su l t ed  i n  an e r r o r  ( i n  

absolute value) i n  5 l e s s  than some value A6 i s  shown as a funct ion 

of AE. Note t h a t  t h e  standard deviation of 5 i n  t h e  th ree  d i f f e r e n t  

This i s  what happened, as i s  shown i n  f i g u r e  1. 

groups ( indicated by arrows on t h e  abscissa) agrees within about k l 5  

percent and t h a t ,  i n  general, t h e  three s e t s  of r e s u l t s  describe a 

similar curve. For reference a uniform d i s t r ibu t ion  curve and a normal 

d i s t r ibu t ion  curve which approximate the  r e s u l t s  a r e  shown. 

Effect  of number of cycles and points per  cycle on SD6.- Shown i n  

f igu re  2 i s  t h e  standard deviation i n  

observed cycles of motion f o r  severa l  values of 

per cyc le) .  These r e s u l t s  a r e  f o r  the case where the  exact value of 

5 i s  zero. Note t h a t  SD5 increases rap id ly  below 1-1/2 cycles of 

E ,  SDE, versus the  number of 

N (observation points  

motion. Furthermore the  e f f e c t  of N i s  general ly  small f o r  values 

of N g rea te r  than about 4. The theo re t i ca l  curve f o r  t he  simple two 

point theory i s  shown by t h e  upper so l id  l i ne .  

proper dependence on n f o r  values of n grea te r  than about 1-1/2; 

it appears t o  have the  

however, t h e  l e v e l  of t he  curve i s  too high i n  t h i s  range. 

that t h e  shape of t h e  curve i s  not predicted by the  simple theory f o r  

The f a c t  

values of n 

fewer than th ree  peaks i n  t h e  pitching motion and t h e  data  reduction 

l e s s  than 1-1/2 is  not t oo  surpr i s ing  s ince the re  a re  

procedure has d i f f i c u l t y  distinguishing between t r i m  and damping. 

Also shown i n  t h e  f igure  a re  two curves besides the  simple theory 

curve; one of these  i s  t h e  simple theory adjusted by a constant t o  
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give t h e  bes t  f i t  t o  t h e  r e s u l t s .  The other curve i s  an exponential 

which gives a b e t t e r  f i t  over t h e  range of var iables  considered but 

has no t h e o r e t i c a l  j u s t i f i c a t i o n ,  as is  indicated by the f a c t  t h a t  it 

approaches a nonzero asymptote. 

Ef fec t  of 6 on SD6.- Since the  r e s u l t s  i n  f igure  2 were 

obtained f o r  6 = 0, it w a s  of i n t e r e s t  t o  see i f  t h e  simple theoret-  

i c a l  model which indicated t h a t  t h e  SDE w a s  independent of 6 did 

indeed hold. Recal l  t h a t  f o r  large values of E t h e  amplitude change 

can be large and thus t h e  r e l a t i v e  e r ror  i n  

d i f f e r e n t  a t  d i f f e r e n t  points along the t ra jec tory .  Therefore i n  

a, SDa/+nvo w i l l  be 

considering the  r e s u l t s  f o r  large values of 6 it would seem l o g i c a l  

t h a t  t h e  r e s u l t s  should be compared f o r  t h e  same value of SDa/um 

Liiiei*e i s  t h e  root-mean-square angle of a t t a c k  over t h e  t r a j e c -  

to ry .  Shown i n  f igure  3 are  r e s u l t s  for various values of 5.  The 

s o l i d  points  a r e  t h e  r e s u l t s  as obtained f o r  a constant value of 

SDa/aenvo. Note there  may be a s l i g h t  e f f e c t  of 5 on t h e  SDE. 

The open points  a r e  the same r e s u l t s  corrected t o  t h e  saie va2x of 

S D a / w  as i n  t h e  case of E = 0. The correct ion w a s  made using 

t h e  l i n e a r  approach suggested by the simple theory. 

r e c t i o n  does appear t o  reduce the  small e f f e c t  of EE on t h e  SDE. 

This simple cor- 

It i s  therefore  f e l t  t h a t  for most p r a c t i c a l  cases SDE i s  e s s e n t i a l l y  

independent of 6. 

Effect  of SDa on SD5.- I n  f igure 4 the  SDf; i s  p lo t ted  versus 

SDa/am f o r  a s e r i e s  of d i f fe ren t  conditions. Both SDa and a m  

were var ied,  as wel l  as the  type of e r r o r  function used t o  generate 
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t h e  e r r o r s  i n  a. The correlat ion about a s t r a i g h t  l i n e  i s  very 

good, thus supporting t h e  simple t h e o r e t i c a l  model. I n  addi t ion t o  

these  considerations a group of runs w a s  t r e a t e d  as though every 

s t a t i o n  had been read twice and both s e t s  of readings analyzed as one 

run. Theoretically t h i s  should be equivalent t o  reducing SDa by 

l/&. 

The s o l i d  point i s  the  r e s u l t  as obtained; t h e  open point has been 

s h i f t e d  by l/fi, which brings it back t o  t h e  curve. 

This i s  indeed rea l ized  as shown by t h e  t r i a n g u l a r  data points.  

Effects of m/pAA and SDx on SDg . - Several d i f f e r e n t  groups 

of 22 runs were considered with d i f fe ren t  values of A l l  of 

these  groups showed excel lent  agreement with t h e  simple t h e o r e t i c a l  

m/pAh. 

model . 
I n  addi t ion t o  t h e  errors i n  a ,  e r r o r s  were a l s o  introduced 

i n t o  X. The e f f e c t  of e r r o r s  i n  x w a s  so small as t o  be hardly 

detectable .  Therefore a l l  of the r e s u l t s  t h a t  have been presented 

included e r r o r s  i n  x of up t o  0.006 inch. 

Estimation of S U g . -  Combining a i l  of the previous results it 

i n  terms of i s  possible t o  wri te  an equation which expresses 

a l l  t h e  var iables  considered. 

SD! 

This equation can be expressed as: 

where C i s  a constant and f ( n )  i s  a function 

e f f e c t  of t h e  number of cycles. If we take t h e  

given by t h e  simple t h e o r e t i c a l  model, equation 

which describes the  

function f ( n )  as t h a t  

(12) can be wr i t ten  as: 
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On the  other hand i f  we take  t h e  b e s t  f i t  t o  a l l  t h e  data  given i n  

f igure  2 we ge t  t h e  equation 

Ei ther  one of these equations can be used t o  e s t i m t e  the  standard 

deviation E .  

It should be noted t h a t  these equations do not include the  e f f e c t  

of the number of observation points per cycle ( N )  as it i s  generally 

qui te  small. I ts  influence, however, w a s  systematic i n  t h a t  t h e  more 

points per cycle t h e  b e t t e r  were t h e  r e s u l t s .  It would require  con- 

s iderably more s t a t i s t i c a l  r e s u l t s  t o  adequately define t h e  func t iona l  

e f f e c t  of t h i s  parameter over the range of var iables  considered; how- 

ever, it would be a r e l a t i v e l y  simple matter t o  apply the procedure 

out l ined t o  a given t e s t  f a c i l i t y .  

Implications of equation (13).- A t  first glance equation (13) would 

appear t o  indicate  t h a t  t h e  best  r e s u l t s  would be obtained with t h e  

most cycles, and t h i s  would be t rue except t h a t  usually t h e  term l /n  

i s  not t r u l y  independent of m/pAh. If we s u b s t i t u t e  nh = x, where 

x i s  the  length of t h e  t e s t i n g  range, we g e t  

Therefore the  longer t h e  f a c i l i t y  t h e  smaller SDE. For a given f a c i l i t y  

x i s  fixed; therefore  we minimize SDE by minimizing m/pA, being 

sure  t h a t  we have more than 1-1/2 cycles. 

i n g  a c l e a r  image w i l l  a l s o  minimize e r r o r s  i n  angle readings (i.e., 

reducing SDa) thus minimizing SDE. This m y  require  resor t ing  t o  

A good opt ics  system yield-  
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Kerr c e l l s  f o r  very high speed t e s t s  t o  reduce b l u r  and t o  reduce 

fogging due t o  model rad ia t ion .  

of each p ic ture  t o  reduce SDa. 

t h e  e r ro r s  are t r u l y  random. 

t i o n  also.  

a r e  the  f a c i l i t y  reference system, dimensional s t a b i l i t y  of t h e  f i l m  

used, extraneous "noise" on the  film, and uncorrected o p t i c a l  d i s t o r -  

t i o n  e i t h e r  i n  t h e  opt ics  or due t o  re f rac t ion .  

shadowgraphs can minimize t h e  e f fec t  of re f rac t ion .  

One can a l s o  mke  multiple readings 

However, t h i s  w i l l  not work unless  

Errors t h a t  a r e  not random deserve a t t en -  

Examples of f ac to r s  which can introduce nonrandom e r r o r  

The use of focussed 

Effect  of random experimental e r r o r s  on t h e  determin&tion of h.- 

For a l l  of t h e  cases considered the e r r o r s  i n  t h e  determination of 

were l e s s  than 1/2 percent. 

of cycles of motion had a s ign i f icant  influence on t h i s  e r ro r .  

e f f e c t  of t h e  number of cycles i s  shown i n  f igu re  5 .  

appearance t o  t h a t  shown f o r  SDE i n  f igu re  2. Since t h e  e r r o r s  a r e  

so small, t h i s  subject  was not considered any fu r the r .  

h 

A s  in  t h e  case f o r  damping, t h e  number 

T h i s  

Note the  similar 

ANALYSIS OF VARIOUS ASSUMPTIONS 

A s  was stated e a r l i e r  two assumptions which appear t o  a f f e c t  t h e  

dynamic s t a b i l i t y  parameter t o  a considerable degree a re :  

r e su l t an t  angle of a t t ack  i s  the  square root  of the  sum of t h e  squares 

of t h e  projected angles ins tead  of 

(2)  t h e  aerodynamics a re  l i nea r .  

i s  s imi la r  t o  tha t  i n  t h e  previous sec t ion  except t h a t  no random 

experimental e r r o r s  a r e  introduced. 

(1) t h e  

Ur = tan-l&an2 u + tan2 P;  and 

The method of ana lys i s  tha t  follows 



I '  
1 -  

- 1 4  - 

Analysis of t h e  Resultant Angle-of-Attack Assumption 

This e f f e c t  was s tudied by considering a planar t r a j e c t o r y  

which i s  observed a t  d i f f e ren t  angles of ro ta t ion ,  Cp, with respect  

t o  t h e  plane of t h e  motion (see sketch ( b ) )  . 
t 

/ 
/ 

\ \ y / c P L A H E  OF MOTION 

Sketch (b)  

Note t h a t  f o r  

or ar = P .  

can introduce a t  intermediate values cp we w i l l  consider a par t icu-  

l a r  example. 

i n t e rva l s ,  pA/m = O.O06/ft and h = 25.7 f t .  

values of 

Cp = 0' or 90' there  i s  no assumption because a, = a 

To i l l u s t r a t e  the  magnitude of e r r o r  t h a t  t h i s  assumption 

For our example we w i l l  take 11 s ta t ions  a t  4-foot 

We consider various 

u r n ,  ~ p ,  and 6 .  

Figure 6 shows the  r e s u i t s  of t h i s  ariaiysis f o r  three values cf 

the  dynamic s t a b i l i t y  parameter, 5 .  

values of 5 as a funct ion of cp f o r  various values of u r n .  Note 

t h a t  both u w  and cp have a strong influence on 6. Note fu r the r  

t h a t  t h i s  e f f e c t  i s  a strong function of t h e  s ize  of EE. Figure 7 

shows t h e  induced e r ro r s  ( 6  - EE) f o r  

f o r  two values of am. 

Plot ted  here a r e  t h e  apparent 

Cp = 45' as a funct ion of 

Note the  near ly  l i n e a r  dependence of t h e  

I 

induced e r r o r  on kE. 

angle readings and t h a t  these e r rors  are introduced by t h e  method of 

ana lys i s  . 

Remember tha t  here we are considering exact 
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These e r r o r s  can be eliminated completely f o r  planar motion by 

a simple r o t a t i o n  of coordinates before t h e  data a r e  analyzed. 

more f o r  motions which a r e  not planar t h e  influence of t h i s  assumption 

can be minimized by r o t a t i n g  the  coordinate system so t h a t  most of 

the  angular motion i s  confined t o  e i t h e r  t h e  a or t h e  P plane. 

Further- 

Analysis of t h e  Assumption of Linear Aerodynamics 

I n  many cases of p r a c t i c a l  i n t e r e s t  t h e  aerodynamic coef f ic ien ts  

a r e  nonlinear functions of angle of a t tack;  the  question then arises 

as t o  t h e  re la t ionship  t h a t  e x i s t s  between t h e  quasi- l inear  values 

obtained from the  present data  reduction procedure and t h e  t r u e  values. 

Nonlinear moments with zero damping have received considerable a t ten-  

t i o n  (e.g., r e f s .  2 and 3 ) .  The more conrplicated cases have received 

l i t t l e  o r  no a t ten t ion .  

Here we w i l l  consider a s l i g h t l y  more complicated case, t h a t  is, 

5 = const # 0, and -Cm = %a, + %a3. 
with 11 s t a t i o n s  a t  4-foot intervals ,  w i l l  be used. 

considered; i n  both, MO gave a s tab i l iz ing  moment. One case had & 

s t a b i l i z i n g  and one had M2 destabi l iz ing,  re fer red  t o  as s table-  

st ab l e  and st ab l e  -unstab le, respectively . 

Again exact planar t r a j e c t o r i e s ,  

Two cases a r e  

Results of Linear Aerodynamic Assumption 

Two questions a r e  of i n t e r e s t  here. F i r s t ,  does t h e  nonzero damp- 

i n g  s i g n i f i c a n t l y  a f f e c t  t h e  determination of t h e  nonlinear pitching 
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moments as outlined by Rasmussen and Kirk (ref. 3)  7 Second, does t h e  

presence of t h e  nonlinear moment s i g n i f i c a n t l y  a f f e c t  t h e  measured 

value of 5 2  

For the  amounts of damping considered here  the re  w a s  no detectable  

5 # 0 on the  nonlinear pi tching moment (i.e., t h e  cor rec t  influence of 

pitching-moment curve could be determined using t h e  ex i s t ing  data  reduc- 

t i o n  procedure i n  conjunction with t h e  method of Rasmussen and Kirk).  

Here the  

nonlinear moment had a la rge  influence on t h e  damping determined with 

t h e  present da ta  reduction procedure. 

ure 8. 

s tab le-s tab le .  The s c a t t e r  is due t o  the  f i n i t e  nunber of observation 

s t a t ions .  

indicated by squares. The s ign of t he  nonlinear term determines 

whether t h e  observed value of 

exact value and t h a t  t h e  angle of a t t ack  (more prec ise ly  the  quant i ty  

&a2) determines t h e  magnitude of t h e  difference between apparent and 

exact values of 5 .  The s i z e  of the  non l inea r i t i e s  considered a r e  

given i n  t h e  f igure .  

This was not usual ly  t r u e  f o r  determining the  damping. 

These r e s u l t s  a r e  s h m  i n  f i g -  

The c i r c l e s  are  t h e  r e s u l t s  f o r  a pi tching moment which i s  

Similar  r e s u l t s  f o r  a s table-unstable  pi tching moment a r e  

5 w i l l  be la rger  or  smaller than the  

Note p a r t i c u l a r l y  what t h i s  f igure  demonstrates. A system has 

been defined where the  damping parameter, 6 ,  i s  a constant.  

after the  analysis  5 appears t o  be a funct ion of amplitude. Care 

must be taken t h a t  these e f f e c t s  of t h e  nonlinear moment on the  damp- 

i n g  a r e  in te rpre ted  cor rec t ly ,  and some t h e o r e t i c a l  work toward t h i s  

end has been done. 

However, 

... 
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Theoret ical  comparison.- Also shown i n  f igu re  8 a r e  some theore t -  

i c a l  estimates of t h e  degree of i n t e rac t ion  of a nonlinear moment on 

E .  

comunication. 

i s  small. 

e f fec t  of t h e  nonl inear i ty  i n  t h e  moment, 

This work was done by Maurice Rasmussen and supplied by p r iva t e  

H i s  analysis  s t a r t s  by assuming t h a t  t h e  nonl inear i ty  

A per turbat ion so lu t ion  can then be obtained showing t h e  

The theory gives  t h e  cor rec t  

t rend  but  not necessar i ly  t h e  correct magnitude. 

i s  being expanded and w i l l  be published i n  the  near fu tu re ,  

The work of Rasmussen 
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